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INTRODUCTION 


The present supplement contains some developments of a view of Mathematical Optics, which 
was proposed by me in the foregoing volume of the Transactions of this Academy. According to 
that view, the geometrical properties of an optical system of rays, whether straight or curved, 
whether ordinary or extraordinary, may be deduced by analytic methods, from one fundamental 
formula, and one characteristic function: the formula being an expression for the variation which 
the definite integral, called action, receives, when the coordinates of its limits vary; and the 
characteristic function being this integral itself, considered as depending on those coordinates. 
Although this view was stated, and the formula announced, in the Table of Contents prefixed to 
my preceding Memoir, yet the demonstration was not given in the part already published, except 
for the Systems produced by the ordinary reflection of light; it has therefore been thought 
advisable to give in the present Supplement, the general demonstration of the formula, and some 
of its general consequences. The demonstration is founded on the principles of the calculus of 
variations, and on the known optical principle of least action. The result deduced from these 
principles, is, that the coefficients of the variations of the final coordinates, in the variation of the 
integral called action, are equal to the coefficients of the variations of the cosines of the angles 
which the element of the ray makes with the axes of coordinates, in the variation of a certain 
homogeneous function of those cosines: this homogeneous function, which is of the first 
dimension, being equal to the multiplier of the element of the ray under the integral sign, and 
therefore to the velocity of that element, estimated on the hypothesis of emission, It was 
proposed, in my former Memoir, to call this result the principle of constant action: partly to 
mark its connexion with the known law of least action, and partly because it gives immediately 
the differential equation of that important class of surfaces, which, on the hypothesis of undula- 
tion are called waves, and which, on the hypothesis of molecular emission may be named surfaces 
of constant action. But in the present Supplement, it is proposed to designate the fundamental 
formula by the less hypothetical name of the Equation of the Characteristic Function: because, 
whatever may be the nature of light, the definite integral in this equation is, as we have before 
observed, a function of the coordinates of its limits, on the analytic form of which function the 
properties of the system depend. In the applications of this formula, to systems of straight rays, 
ordinary or extraordinary, it is advantageous to introduce the consideration of a characteristic 
function of another kind, depending on the direction rather than on the coordinates of the ray, 
but connected with the former function, and with the geometrical properties of the system, by 
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relations which form the chief subject of the present Memoir. The theory of these relations, 
from the generality of its nature, will, perhaps, be interesting to Mathematicians: I am aware 
that it admits of being much farther extended, and that much remains to be done, in order to 


render it practically useful. 
WILLIAM R. HAMILTON. 


Observatory, 
April 1830. 


CONTENTS OF THE SUPPLEMENT 


Fundamental formula of optical systems ordinary and extraordinary, or equation of the character- 


istic function ; 
до bv 


V= |vds; aa = T ду 4. By 
Other characteristic function, for systems of straight rays ; 


W+Vaza— TY sgt? Re 8W- sb yD gm teh; 4. 


дг; numbers 1, 2, 3. 


Connexions between the partial differential coefficients of the two characteristic functions, and 
changes produced by reflexion or refraction, ordinary or рача 


SAV=\8u; AW= Mose x Tm zr 5, 6, T. 
Connexions of the characteristic functions with the developable pencils, and with the caustic curves 
and surfaces ; 


ôF „до 8V „до 8V _ „80 
рд aoe, й "Теё 5B’ pd = “ord sa 
| ЕР! fee ee о ee 
d = b 88 =o aR» PT bu 
On osculating focal systems; the foci of the extreme systems are contained upon the caustic 
surfaces, and their planes of osculation touch the developable pencils; the foci of the other osculating 
systems are inside or outside the interval of the extreme foci, according to the sign of a certain 
function v", which does not change by transformation of coordinates; the distances of any one of these 
other foci from the two caustic surfaces are proportional* to the squares of the sines of the angles which 
the corresponding plane of osculation makes with the tangent planes to the two developable pencils ; 


8, 9, 10. 


z i LEK 
= 80"; S EC mE $0; 11, 12, 13. 
Principal foci, and principal rays: the principal foci belong to those osculating systems, for which 
the osculation is most complete ; they are the only points in which the caustic surfaces intersect, when 
the function v" is positive; this condition is satisfied for ordinary systems, and for the systems pro- 
duced by crystals with one axis ; 
DW FW WW Oe. ITE NEM 
Get RS! MEO GE! Be 5 


* [See footnote to p. 128.] 
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On osculating spheroids, and surfaces of constant action ; the extreme spheroids have their centres 
upon the caustic surfaces, and their planes of osculation touch the developable pencils; the centre of 
the osculating spheroid coincides with the focus of the osculating focal reflector or refractor, when the 
point of contact and the plane of osculation are the same; the principal foci are centres of spheroids 
which have complete contact of the second order with the surfaces of constant action; they are also 
foci of osculating focal reflectors or refractors which have contact of the same kind with the last given 


reflector or refractor ; 
-l -1 > 2 
.pp. Р-Р see (0), 
у= 87"; pen des vexat 15, 16. 
On foci by projection and virtual foci; the planes of extreme projection coincide with the planes of 
extreme virtual foci; these planes are perpendicular to each other, and furnish in general a pair of 
natural coordinates ; the tangent planes to the developable pencils are symmetrically situated with 
respect to these natural coordinate planes, and coincide with them when the system is rectangular ; this 
latter condition is satisfied in ordinary systems, and the osculating foci of such systems coincide with 
the foci by projection ; 


_ Strata 1 (cos. T, (бъ пу, 
7 Baba’ + 88у +y pp, Po” 
os Qu Node ; T-m"(cos. o)? +7, (sin. w)’; 17, 18. 


Theory of lateral aberrations; aberration from a principal focus; elliptic or hyperbolic lines of 
uniform condensation; natural axes of the system ; 


Aa; = [8c] + 4 [9] + а-в [8°] + Фе. ; 
, (OW &W ys oW ow ew 
"^ - s Sas (rss IL ios 58° – =A 
СТОР SW CE 


Àeé 86° = ба 5р 59583: me 


SUPPLEMENT, &oc. &c. 


Fundamental Formula of Optical Systems, or Equation of the 
Characteristic Function. 


1. The fundamental formula that we shall employ in our investigations respecting the 
geometrical properties of optical systems of rays, straight or curved, ordinary or extraordinary, 
which, after issuing from any luminous origin, have been any number of times reflected and 
refracted by any combination of media, according to any laws compatible with the known 
condition of least action, is the following: 


8 vds = È be + уа by + 5 Be (A) 
In this equation, 2, y, z, are the coordinates of any point of GR system, referred to three rect- 
angular axes; а, 8, у, are the cosines of the angles which the tangent to the ray at that point, or 
the direction of the element ds, makes with the axes of coordinates; v is the quantity which in 
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the hypothesis of molecular emission represents the velocity of this element, and is supposed to 
be in general a function of the six quantities, 2, y, 2, a, 8, у, depending on the nature of the 
medium, and involving also the colour of the light; the partial differential coefficients, 

бб | Ov Ф 

$n 58° бу, 
are obtained by putting v under the form of a homogeneous function of a, B, y, of the first 
dimension, with the help of the relation a? + 8? + y?=1, and by then differentiating this homo- 
geneous function, as if œ, 8, y, were three independent variables; finally, the definite integral 
[ vds is taken from the luminous origin to the point z, y, z, and the variation 8 f vds is obtained 
by supposing the coordinates of this last point to receive any infinitely small changes, the colour 
remaining the same. 

2. To deduce the equation (A) from the known condition of least action, let us observe that 

by the calculus of variations, 


èf vds = | v .ds+0. 8ds); 


in which, by what we have laid down respecting the form of v, 
"лл л 
до 
v= T tye ; 
while, by the nature of a, 8, y, 
да. аз +а. 548= 8. ads =ð dw = а. 02, 
58.ds+8.8ds=8.Bds=6.dy=d. ду, 
ду .ds+y.dds=8.yds=8.dz=d.8z; 


we have therefore, 
б б б 
à [ods -È bo 27 + 8) ds + (9 dbo + 55 dy + 5 dà) 


àv d. ои др’ 
te $4 tig 5g oY" +528: 578и 


+] (irte az) + [20 (20a ga) +] (534-45), 


the accented quantities belonging to the first limit of integral, and disappearing when that limit 
is fixed. The condition of least action requires that the quantities which remain under the 
integral sign, as coefficients of д2, dy, 22, should also vanish, and furnishes thereby the following 
general differential equations of a ray,* 


v óv | v ә — &v до 

5208 = а, ay ae ad (B) 
of which any two include the third. And rejecting the evanescent quantities in the expression 
for 0 f vds, we find the formula (A), which it was required to demonstrate. 


* [Putting а=® =», etc., these equations take the Eulerian or Lagrangian form 
а до д0 
di 82 © 3p etc., 


where v— v (x, y, 2; 4, Y, &).] 
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3. The fundamental formula thus obtained, resolves itself into the three following equations: 


8fvds dv  Bfvds v  Bj[vds bv 
Sa ^ 0 y $8° Se — y 
BY o Y d BY b th 
da ёа’ у 8° 8 бу, 
representing, for abridgment, the definite integral f vds by V, and considering this integral as a 
function of z, y, z, of which the form depends upon the nature of the system, the medium, and 
the light, and of which the partial differential coefficients of the first order are denoted by 
eV 85V У 
When the form of V is given, we can obtain these coefficients by differentiation; and if we 
know also the form of v, which depends only on the nature of the medium and of the light, 
we can by the equations (C) determine g, £, y, as functions of æ, у, 2; that is, we can find the 
direction of the ray or rays passing through any proposed point of the system. The geometrical 
properties of one system as distinguished from another, for any given medium and any given 
kind of light, may therefore be deduced by analytic reasonings from the form of the function У; 
on which account we shall call this function V, the characteristic function of the system; and 
the fundamental formula (A), that expresses its variation, namely : 


5 =È да + 5g dy 5082 


we shall call the equation of the characteristic function. 


which we shall thus write: 


Other Characteristic Function for Systems of Straight Rays. 


4. In the remaining reasonings of the present Supplement, we shall confine ourselves to 
the consideration of homogeneous systems* of straight rays not parallel; and in investigating 
the properties of such systems, it will be useful to employ another function, connected with the 
function V by many remarkable relations. This new function, which we shall call W, is deter- 
mined by the condition :+ 


ò ò : 59 
+Й=т; +y sat? 2 (D) 
which gives, on account of (A), or (C), 
bu bv до 
èW = 2% — Бү * 79 5818 5у` (Е) 


It results from this differential equation (E) (in which we employ the sign of variation 8 
to mark the connexion with the definite integral f vds, a remark which applies to the whole of 
the present Supplement,) that if the variations of 2, y, 2, be such as to leave а, B, y, and 
consequently 

ә дә ё 

, ёа’ 88° By 
unchanged, that is, if we pass from any one point of the system to any other point situated upon 
the same ray, the function W will not vary. We may, therefore, consider W as a function of 


* [The medium being homogeneous and the light monochromatic, v is a function of a, 8, у only.] 
t [See Appendix, Note 8, p. 473.] 
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a, B, y, of which the form can be determined from that of V, by eliminating 2, y, z, between the 
equations (O) and (D), when the nature of the medium and of the light is known. Reciprocally, 
if the connexion between W, a, B, y, be given, that which exists between V, 2, y, 2, can be found. 
Forif we suppose that for the sake of symmetry, W has been put under the form of a homo- 
geneous function of the dimension 1, by the help of the relation a?+6?+9?=1, and then 
differentiated as if a, 8, y, were three independent variables, we shall have, by (E), and by the 
nature of homogeneous functions,* 


swt 5% Sy 8v 
de Wate sa У 568° Gay 
èw Sty 5% 5% 
E midi die 717-28 À 8g + 885, 
èw Sty Sy By 


nip od dk бо беу эй TT вы $ ° 


in which we shall for simplicity suppose the dimension ¿= 0; and eliminating о, B, у, by means 
of these equations, from that marked (D), we shall deduce the relation between V, z, y, z, from 
the relation between W, с, 8, у. We may therefore consider W as itself a characteristic function, 
which distinguishes any one homogeneous system of straight rays not parallel, from any other 
such system, composed of light of the same kind, and contained in the same medium. It is 
evident that on some occasions it must be advantageous to attend to the function W instead of V, 
because V changes in passing from one point to another of the same ray, whereas W is constant, 
when the ray and the system are given. On the other hand, in any sudden change of the system 
by reflection or refraction, the function W receives a sudden alteration, while the change of V is 
gradual; it is therefore convenient to employ V instead of W, in investigating the effects of such 
changes. Accordingly, in the remainder of this memoir, we shall consider both these functions, 
and examine the relations between them: and shall begin by investigating the connexions 
between their partial differential coefficients. 


Connexions between the Partial Differential Coefficients of the two 
Characteristic Functions. 


5. The connexions between these coefficients, are to be obtained by differentiating the 
preceding expressions for 
ap^. 08p c9; c. o^ y 
E" ? бу , “be › За , 68 ? бу , 
and by attending to the homogeneous forms which we have assigned to v and W. The dimension 
of W being supposed — 0, we have by the nature of homogeneous functions, 


* Га 2282" 


jq + Zada, where да, 88, dy are independent, and @ is undetermined. Therefore 


aW_ dy, By дь 
За 2 batt ав ЖО 345509 0 


Multiplying respectively by а, 8, у, and summing, we obtain, д ey 0—iW.] 
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oW SW SW Ў 
oW e ew ew 
du +4 haa "BB + baby = 9? 
wW  8w ew BW d 
38 t «sp 58" +7 3g, 0: (P) 
ow — 8W ew ew 1 
ew oW Wy SW 
жа + a +8 77-3 М AE 

| &c. 
We have also, by the homogeneous nature of v, which we have put under the form of a function 

of the first dimension, the following relations: 


2 


TET 5 TET 
a i +8 еа Тыр, =0; 
т. Sa +1555 = 
T = 
m B Papa * Tgog; =; 
&c. 


0; (G) 


These relations give 

до до 
saty = 0 
88 7 By 


eV 
5t" 


«52 +88 
and therefore, by (С), 
eV eV 


a condition which resolves itself into the three following, 


ey ey у 
н: 85175686 
ey ey ey 


AOPE PY 
go "ыйа 7З. "LE 


0; 


and combining these three equations (H) with those which are obtained by differentiating (C), 
we find,* 


| * [See Appendix, Note 9, р. 476.] 
HMP 
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5s) f/OF OM. Еу БҮ „Р... ФУ 4»... Т. Oe 
y” ba! = (a is m) m Ge PX ox Ба de) 
d). LR IPFE OPA Be А АЛ. P v ФУ, àv 
V" -(Sa + бу sa) 5 (eig ie p e iu N)| 0 
esp ТОРОН, EX Ev. TOSS LORS. uy dv mE ду 
v" (я oy УЫ а (55 9 + Syz 558 * 5а T2] 
imas ey eyey ,evyw eyey (í8yyv 
„ over "Wa mE ^p SV EV (ev 
| d = Бай 7 css) tas (555) andar” tel! 
and 
ba’ = 6x — a (ada + Вду + yz), 
dy’ = dy — B (ada + 88у + удг), 
bz’ = 62 — y (aba + 88y + y82); 
so that 
ada’ + 88у' + y8z' = 0. 
Now, if we differentiate the expressions, 
LAE By |, Bo 
$a bat ГУ 6a58 ? бабу, 
в 8°% dy 02у 
38—558 У 58" + SRo’ Y3 
з _ д» |, д» 09 
бу “бабу  SBdy ^ By ^ 
which result from the foregoing number, and put for abridgment, 
80.8 ÈW Lag. is + ày.8 » E 
6?y 8? до 
WP до? ton. 1B реза. "OST. d 
8° 52 Ov 
uc 900 I hen M aby" 9 gg 
dy òv "x 
60.8 бабу +R: I T0y.0 ba = = ò 
oy ey oy , 8} 
ба. Бо? +6 505g * 9 бо бу = д Sa’ 
ôv 6% ov , 9v 
бл. Sap t 9! 58° + 22. 5855 ^? 53° 
027 02р oy , 9v 
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we find ^ i Р A 
v v 0 ,9 , ‚ OV 
SW – (sez r yd pg +28 " Bub 59 +885 pt y. 
i d ry OV $ E 
and therefore, by (I), 
"n "m 8 8 8 
y"RW-V (s 52 tg а Fa) 


Meri ao) (03s) (Фа) 62] 
- (фы) + (hp) + 65) 2 (Pe) (bs) 


y у. до dv eg ү. dv $0 
+2 555.038) (955) * 8285 (055) (2 8), D 
in which, without violating the conditions (F), the variations da, 58, dy, may be considered as 


independent, and which is consequently equivalent to six expressions for the six partial 
differential coefficients of W, of the second order. 


These six expressions may be put under the following form : 


ep _ FU 83у 4 Sy 4 Fy _ y” ey 
ба 7" ks tI Senge Siy TV" Bat V” Sat” 
SW |y, Su Po 18 8 vt Y 
р 7" бабр У Bes +? 55у t y"api y" By? 
af BOE ak uut au, е Ж АД, 
B3 7" Sad 5853 Ba TV" BV" 82” р 
PT. КЫЛ Su àv wis. AZ NL (М) 
558 ^" Be38B + баба "^ daddy V” asp V" Smsy’ 
Sw БЫ, К, E.M VN 
588y ^" SadBby I Sy BBbp + Р” 85у V" буба” 
eu Pers uuu Жи. у в. 
уба ^^ болбу 1 У 5а5В5у ^ баб "V" буба V” Bde) 
in which 
y n (ug) + 8° Sv (ses) +e $2 
4 = ба? 582 \Sad8 teg y \SB Sy) ' by? Sa? ~ (=) t 
an 


Sy Sy DB (PV SV Sy 
8 - (Ss з Boa) (xr gatus) | 
- (Sa ss ey "na. yy Magis K y oV М ey &V y Sy 
Sa? a? ^68) Sy? + 552 6% "| 8088 бабу dB dy ёуёг y dy da 55): 
These expressions enable us to deduce the partial differential coefficients of W, of the second 
order, from the corresponding differentials of V; they may also be employed to deduce the latter 


15-2 
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from the former. For if we put 


e y 830 83% 
dao xs +9 sae t* gas)" -K, 
eu 83 63 83% 
sat ("sang БЫ 5) 1, 
ew Sy 85% 830 
Sr -(* toa * "pasa t? =a) =P; 
ew 932 23у 030 j 
TAG 558 У 55р t? 55855) М 
ew dy 83% dy , 
8Bby ( ses, +9 pig +e ggga) 77 
ew dy òv 4 
55 he бабу TY Engt вә) "— 
MN—M"-NP—N"-PM—P"?-W", 
gite 8° д2 ^v 
ar- x «P3 + о *E3) - (ari +N sat P Ss 
" 6? 0 , 8°% , ov , 
| OM" зд € 2N pap + 2P bya) = =8', 
we find, by the equations (М), 
p y" ы v''2 Vv" Ss’ 259 JUS : “ (№) 


and therefore 
ey S'9v v"M DE. 6: &y vM’ 
$33 W" 52 W"* ду W” SaB ТИ", ? 
BY S до PN PV 8 д» PN d 
y W” И”, óyóz W” 588 y 
ФУ S ә. £P ey 5° y —S$P'* 


52 W"$43 W"' 8:82 W” д$уба И” * 


2 
The coefficients of the form ald may also be deduced from those of the form ta in the 


ba’ 
following manner. Differentiating the equations (K) we obtain 
Мда+ M'SB + P'õy = 8’ ; 
ГА , , bv 
M'àa-- N88 + М'ду= 58° (P) 
+ 


Р'$а+ М'88+ Phy =8 = 


we have also 
O=aM +BM'+yP’, 


O=aM’+BN +yN’, 
0=aP’+BN'+yP; 
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and therefore ` ; 
"ва = (Qf N+ Р)У È - (ars S an yP Ü x) 


да 68 
78 = (М +N+ P) p» -(wer до NY du +N’S’ 2) (Q) 
88 ба 58 
te , р OV bas Ой , 9v 
W'by =(M+N+P)8 8. (РЗ REN PE P 3 
Now, if we put 
yz TETTE + 8z ELA aa 
we shall have 
a 


òy = а5' 2? * ag? — y9 == 


and therefore by (Q), 
"у = are x «p (ws 2) + (355) (Fi) | 


-fu (@- x) +N (v 5) +P Q s) 


àv до до до 8v àv 
, , , , , , ГА мй , 
жам (8°52) (v 55) «san (e 55) (5) ари (v) (г; KJ); ® 
an equation in which д2, dy, 22, are independent, so that it is equivalent to six separate ex- 
pressions, for the six partiai differential coefficients of V, of the second order: and these 
expressions may easily be shewn to coincide with those marked (O). And on similar principles 


we can investigate the relations between the partial differential coefficients of the functions V 
and W, for the third and higher orders, 


Changes produced by Reflexions or Refractions, Ordinary or Extraordinary. 


6. Let us now consider the sudden changes in these partial differential coefficients of the _ 
characteristic functions of the system, produced by reflexion or refraction, ordinary or extra- 
ordinary. The i formula for such changes, is, from the nature of the integral V, 


AV (= V, — V4) 20, (S) 


A being here the symbol of a finite difference, and Vi, Уз, being the two successive forms of 
the function V, before and after reflexion or refraction, The condition (S) may be considered as 
a form of the equation of the reflecting or refracting surface; and if u=0 be any other form 
for the equation of this surface, we may, by introducing a multiplier A, differentiate the following 
formula : 


AV (= V, — V) =u, (T) 


as if the coordinates z, y, z, were three independent variables. Differentiating in this manner 
the equation (T), and making, after the differentiations, u = 0, we find 
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By BY, BY, LÀ 
bce бш а агт’ 


BV BV, BV, bu (U) 


A 


ey Sy, 227, , ди Фл ёи 
А eat бз C M ^а +? Be Ba’ 
зү BY, гї, _, Su Әлди 
т, sy ày ee 
SV &V, SV ди ôn ди 
Aga “Ge M МЕ abr 
PV By, SV, . Su Әди dd ди 
бабу T 


(V) 


= imsy ^ BeBy ^" Baby * Ba By dy Sa’ 
a AIL LCS CPC йуу s 
буба; буба; dydz dydz ôy 2 д2 by’ 
PY Ра Үй, ee, к eee 
zs д20лп 2да dzda zös ba bz 
The equations marked (U), contain the laws of reflexion and refraction, ordinary and extra- 
ordinary; since, when put by means of (C) under the form 


A9 дн ёп уди 


ба Ba, Sa, da’ 
bv 5 ӧл. ёи Ad 


and combined with the relation a" + 82 + уг? = 1, they suffice to determine, for any given forms 
of the functions v, va, and for any given directions of the incident ray and of the tangent plane 
to the reflecting or refracting surface, the cosines оз, £s, ya, of the angles which the reflected or 
refracted ray makes with the axes of coordinates, and the value of the multiplier №; observing 


that the ratio i : ј 
(5) + B (3y) + (85) 


ô б би\? 
(ы) + (5) + (2) 
is positive in the case of refraction, and negative in that of reflexion, The equations (V), when 
combined with the relations (Н), determine the six partial differential coefficients of V, of the 
second order, together with the three quantities 


б^ ё ÒN, 
Sc’ бу' ба) 
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since they give, for these three latter quantities, the conditions 


ones (S D) (Ce +n Eh) e (Des) 


+ (е Bet зу Кз Se) + (ва + бру ma) 


2 
0 =a (622+ Axa) + ^ e EXE) (Erg ^ ia) 


(X) 
8X ôu) ди ON 
+ (ge + Page + Y2 Ba) + 5p (tage + E +з); 


ids (ose X) t^e os) Кт (Falta) 


óróz дадг бу д2 dy dz д2? д2? 
8X Óu ди dn 

+ (nz + Ba gute ge) +, (023 uo Bag tm 5 

in which the trinomial f 
X 
(n egy + уг 5) 
can be determined by the following relation: 
" Фф, ey en, Su èV, u 
0 =a," (ба +a ga) (а ap ta) (Суу +з) 
ev, Su ò Vi ey ey 
+238 (ss th Se) bi 28у (sa Mis) Элч (5a Hi i) 


+ (а p ptm Be) (nis + ру + x). 


In a similar manner we can calculate the new values which are given, by reflexion or refrac- 
tion, to the partial differential coefficients of V, of the third and higher orders; and can thence 
deduce the corresponding changes in the coefficients of the function W, by means of the relations 
which we have already pointed out, between these two characteristic functions; observing, that 
while the value of V itself is not altered in the act of reflexion or refraction, but only its form and 
its differentials, the value of W receives a sudden increment, which has for expression, | 


АУ = 2А 9 yA sp tek 50 
ди ди | bu 
-( dz + I Sy t ^$) : (Y) 


T. By the help of the foregoing formule, we can compute the partial differential coefficients 
of any given order, of the characteristic functions V and W, for any homogeneous system of 
straight rays, produced by any finite number of successive reflexions and refractions ordinary or 
extraordinary, when we know the náture of tne light and of the mediums, and know also the 
coordinates of the luminous origin and the equations of the reflecting or refracting surfaces. To 
shew this more fully, let us observe, that in a system of straight rays diverging from a luminous 
pus and not yet reflected or refracted, we may put 


a—X=ap, у-– Ү= Вр, 2z—Z-wp, 
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p being the distance from the luminous origin X, Y, Z, to any other point a, y, 2; and that we 
have the equations, 


V-tp-(e-X)E*-YggtG-Dp. (7) 


from which we can deduce the partial differentials of the functions V and W, in this first state 
of the system; those of the second order, for example, being given by the following expressions: 


, , ov 
porV = Ayo ET DES 
до m 
eys- xa 24 a Re 
in which the symbols 
, 80 òv 
ò Sa’ e da , 


have the same meanings as before. Knowing, in this manner, the differential coefficients of V, 
before the first reflexion or refraction, we can, by the method of the preceding number, calculate 
the corresponding coefficients of V, and thence of W, immediately after that change; the coeffi- 
cients of W, thus deduced, will remain the same, in passing from the point of first reflexion or 
refraction to the second point at which the direction of the ray is altered, and, by the methods 
of the fifth number, we can deduce from these coefficients of W the corresponding coefficients of 
V, immediately before that second change; and so proceeding, we can calculate the alterations 
in the partial differentials of the two characteristic functions, produced by any finite number of 
successive reflexions or refractions. 


Connexions of the two Characteristic Functions with the Developable 
Pencils and the Caustic Curves and Surfaces. 


8. Let us now suppose these partial differentials known, and let us examine their connexion 
with the geometrical properties of the system. One of the most remarkable of these geometrical 
properties is, that the rays are in general tangents to two series of caustic curves, which are con- 
tained upon two caustic surfaces, and form the arétes de rebroussement of two series of developable 
pencils; that is, two series of developable surfaces, composed by rays of the system: a property 
which was first discovered by Malus,* and to which I also had arrived in my own researches, 
before I was aware of the existence of his. To investigate the connexion of these curves and 
surfaces with the characteristic functions V and W, let us consider the conditions which must be 
satisfied, in order that a curve having for coordinates æ”, y", z’’, should be touched by an infinite 
number of rays of the system. Let c, у, 2, be the coordinates of any point on such a ray, and р 
its distance from the point of contact 2'', y’’, z", in such a manner that we may put 


a=a'+ap, y=y"+ßp, z-z'-wp, 
dp =a (da 0") + B (8y — 8y") + y (82 — 82"): 


and therefore 


* [Mémoires présentés à V Institut par divers savans, 2 (1811), pp. 214-302.] 
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we shall then have 


da’ = 6r — a (ada + Bdy + 82) = рде, 
by’ = by — В (ada + Ву + y82) = pòp, (A) 
82! = 02 — y (ada + 88y + удг) = рду, 


assigning to Sa’, Sy’, Sz’, the same meanings as in the fifth number, and observing that by the 
nature of æ”, y”, z”, the variations д2”, 8y", èz”, are proportional to a, B, y, so that 


ba’ =a (о. da" + Boy” +82”), 
by” = B (ada + Bdy” + y 82), 
62" =y (022 + @8у -- y 82"). 


The formule (A^) give* 
PELA 
$a РОВ P" Sa 
4,99.) 4080. даР. ‚ 
КҮРДҮҮ, (B^) 
, 9v 007, 49V 


ò’ d having the same meaning as in the fifth number: and these equations (B’) contain the 
whole theory of the developable pencils and of the caustic curves and surfaces, Putting them 
under the form, 


0- (o - sot) n (oci розв) 9 + (р Soa: — бев) 85 
o= (Pr, saga) 87+ (2 5 = 5a ) 89 + (P ase- 58у)?” (C’) 


0 - (o5: 7 3257) (es goo) w + (e Sa- is ) be, 


we find by eliminating the differentials, and attending to the relations (G), (H), the following 
quadratic equation + | | 
0=p?V" — pS + v", (D^) 
which may also be thus transformed, 
0 = pv" — pS' + W”: (E^) 


the symbols v”, V", W”, S, S', having the same meanings as in the fifth number, The form 
(D') serves to connect the distance p with the function V, and the form (E') with W. By 
either of these forms, we obtain in general two values of p, and therefore two points æ”, y”, 2”, 
which are the only points wherein the ray can touch a caustic curve: and the locus of the 

n mies СН PU MP Y dw Mv д% i S 

[The first of (B’) is obtained by multiplying (A’) in order by ba?’ Bag" даду’ and summing, using the 
fifth formula in the group following (K), together with (G) and (C).] 

+ [Putting 82—0 in the first two of (C^, and eliminating ôx, dy, we obtain a quadratic equation in p. This, 
when added to two others obtained by cyclical permutation, gives (р). (E’) follows immediately, by means 
of (N).] 

HMP 16 
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points thus obtained, composes the two caustic surfaces. The joint equation of these surfaces, in 
a’, y”, Z", may be found by eliminating о, 8, y, between the four following equations : 


2" = a, + a (02 + By" +yz"), 
y" =y, + Baa” + By" +yz"), (F^) 
2" =z, + y (az + By" +42"), 
0 = (aa^ + By" + yz P + (au + By" y") 8/ + W,” ; 
in which S/', W,”, are formed from S', W”, by changing 2, y, 2, to ,, y,, 2,, these latter symbols 
being abridged expressions for the following quantities,* 
а — a (ac + Ву yz) = г, 
y — 8(«в-+ By + уг) 7 ys 
z — y («x + Ву + үг) = 2, 
and being considered as functions of а, 8, yy, determined by the conditions 
0 — az, + By, + уг,, 


SW 8 8% 8% 
de^ && М 5587 9 Бабу 
èw w 8*y 8v (G^) 
88 ^ baba” " bg: * * 585у 
SW 8% 8% Sy 


By 7 Baby "5557 Bj 
which give, after elimination,+ 
„ж -(2* 52 + sjua б AAR eae SW Sw a) 
75763 587 5а) Ba ( Sa * 8a8B 8B бабу бу), 
ns, (99 у | 89WSW Sy W 8% èW 6% OW " 
v= (да smt mp) ns- (ба ва Sm 58 ssepe) Н) 
' \8a2 58°" by?) бу \даду Sa Ву 8 Sy? òy” 
The equation of the caustic surfaces in æ, y, г, may also be deduced from the characteristic 
function W, by eliminating а, 8, y, between the equations (К) and the following 
W” =0: (T) 
or from the function V, by simply putting 
1 , 

9. The formule of the preceding number determine by differentiations and eliminations 
alone, the equation of the two caustic surfaces; but when it is required to determine also the two 
series of caustic curves contained on these two surfaces, or the two series of developable pencils 

* [The point z,, y,, 2, is the foot of the perpendicular from the origin on the ray.] 

t [By (G’) the right-hand side of the first of (H^) is equal to 

v" z, — (2,0. - y, Dag 2, Day) 
where the D’s are cofactors in the determinant of the second order derivatives of v. But, by (G), 
a: B : y= Daa : Dag: Day; 


and thus, by the first of (G’), 
2, Ds. y, Dag z, D,,20.] 
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composed by the tangents to these curves, we must then have recourse to integration. The 
differential equation in 2, y, 2, which determines the developable pencils, may be found by 
eliminating p between the formule marked (B’), and may be put under any one of the three 


following forms: 
6v „8и yg, du .8V 


ò и" $8 je 
‚9 И .,dv .dV : 
aa aa By By’ (L’) 
,ov И 80v д, 
6 dy Be =6 LEE 
in which g, 8, у, are considered as given functions of æ, у, 2, deduced from the equations (C). The 
developable pencils having been thus determined, by integrating the equations (L’), the caustic 
curves will be known, because they are the arétes de rebroussement of those pencils; the caustic 
curves may also be found by the condition of being contained at once on the developable pencils 
and on the caustic surfaces; or, finally, we may find the differential equations of these curves in 
æ", y”, 2", without reference to the developable pencils, by combining with the formulæ (F") the 
differential relation between с, 8, y, which results from the equations (B') and admits of being 
put under any one of the three following forms: 
,ov „до  .,0v 0v 
д te be 58° Ba’ 
$0 „др бб „б 
e ca en = —.бдез,› , 
88 by” бу 5 ve 
VEM CaS Ll 


òy ба да` бу, 
, ov , 9v , 9v 
ô "E ò 88" ò Б) 
being changed to their expressions (Р), or rather to the equivalent expressions, 
y 20 = М,ба + М/88 + P/by + (aw + Ву +y) 2. 
, 9v f ) ò 
5 ка = М'да+ N84 N/by + (ав + By + ү) 8 уд, (N’) 
y paa. N/584. Р,5у + (av By qz) 8 2° 
Sy Й [ ‚оу J'Y Sy? 
from which az + By + yz will disappear, when substituted in the equations (M’), and in which 
A NIS i d 02у òv 6? 
Мда+ М/$В P/dy= 8% — (08 Sa ey 1:55 * ^9 tap) 
Р СА 4 220 7 БЫ, 
M/8a + N,88 + М/$у = 55 — (n3 pagg + у,$ - +22555), (0) 
; of 5 Sy y Sy 
P/8a + №58 + P,by= g- (n3 sop +08 бду. te 5 ). 
| 16-2 
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10. A remarkable transformation of the equations (B'), which determine, as we have seen, 
the developable pencils, and the caustic curves and surfaces, may be obtained in the following 
manner, We have by (P), 


e mS d 0? y д2 8v 
y gru (20ка +99 ада t р), 
which gives " 
, 9v 0 .6W ran. DD cn B А v 
P бо Р$ д G Bx 252581 ° 8 c 


when we substitute for æ, у, z, their expressions æ” + ар, y” + Bp, z’ + түр, and attend to the 
relations (О). And by similar substitutions in the expressions for 


él е , and 2' a 
the equations (B’) become, * 
ô êW = a8 Ps 4 y"6 Rad + гр. А 
bU I утв om ti р, (P) 
rra y tl gap 278 уа. 


Now, if we conceive another system of rays, composed of the same kind of light, and con- 
tained in the same medium, but all converging to or diverging from the one point, æ”, y”, z”, 
and represent by W' the characteristic function, which, in this new system, corresponds to W 
in the old, we shall have 

JJ A NE „ 90 np 9v 
Bain”, ded ©) ado" abo" 
b. ON M PT в. jp OF 


88 ^" 5587 sp *^ Bghy 


u-- a" REC y" sey z" 3 | d 
S rst Ei +у'З gp tr тр, | 
3% ата сун ti gm f gar 
д ns = 28 pa + y"6 5955 + 2''8 is ; 


the equations which determine the developable pencils, and the caustic curves and surfaces, 
may therefore be thus written:* 


SW .5W' „8 ,8W' 
5а ^ 50° "88 BR? 


* [See Appendix, Note 10, p. 477.] 


SW ,.o0W' 
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On Osculating Focal Systems.* 


11. The equations which we have thus obtained, as transformations of the formule (B^), are 
not only remarkable in an analytic view, but contain an interesting geometrical property of the 
caustic surfaces. To explain this property, it is necessary to introduce the consideration of 
osculating systems of rays. Let us therefore conceive a system, placed in the same medium, 
and composed of the same kind of light, as that given system of rays which has W for its 
characteristic function, but converging to or diverging from some one point X, Y, Z; and let us 
denote by W', the corresponding characteristic function of this new system, which becomes 
Prime to the W’ of the preceding number, when the point X, Y, Z, coincides with the point 

"^, y", z"; then the general expression for this function W” is 
бф òv òv i 
W=X > Tre. 7: Mull ee (8^) 
C being an arbitrary constant;] and the system which thus has W” for its characteristic function, 
we shall call a focal system. The four arbitrary quantities, X, Y, Z, C, which enter into the 
general expression (S^) for W', may be determined by the condition that for some given ray of 
the given system, that is, for some given values of a, 6, y, certain of the first terms of the 
development of W’, according to the positive powers of the variations of а, 8, у, may be equal 
to the corresponding terms in the development of the given function W ; and when the form of 
W’ has been particularized by this condition, we shall call the corresponding system of rays an 
osculating focal system. Now, if we suppose а, B, y, to be changed into с + da, В + 88, y+ dy, 
we may express the altered values of W and W' by means of the following developments: 


W +8W +48W +515 9877 --&o., 
W' --65W' -39?W' +15 9?W' + &o.: 


in which 
- PY aa 
ew ey ew e 
yr ae уа En 55 9998 +2585, dile Mem $a дуда, 
&e, 
The equations | 
W'=W, 8W'zóW, (T^ 


will be satisfied independently of the ratios of the variations д0, 8/8, dy, if we take the point 
X, Y, 2, any where upon the given ray, and suppose, 


0-W- (x Yt 2 5). 


* [See Appendix, Note 11, р. 478.] : 
+ [The constant С is added in order that it may be possible to make W’= W in (T").] 
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There remains therefore one arbitrary constant of the focal system to be determined, and this is 
to be done by equating the next terms of the developments, that is, by putting 
OW’ 00, (U’) 

and assigning some limiting ratios to the variations бе, 58, dy, consistent with the differential 
equation 

ada + 888 + уду = 0, 
which results from 02 + 82 + у? = 1. And, from the nature of the functions W, W”, the equation 
(U^) may be put under the following form : 


om SN , ey ow т 
= ("sear an) (07 59) +2 (Samp sg) (88—529) (06 - 7) 
ew’ e = 8 " 
+ (sar ~ gar) (88 - D Y 
which shews that there are in general an infinite number of osculating focal systems corresponding 


to any given ray, that is, an infinite number of different values for the arbitrary parameter which 
enters into the expressions of 
SUE SELON, 
бо? ° 8ad8’ 8h?’ 
according to the infinite variety of values that we may assign to the ratio 
у88 — By , 
—aby? 
but that the values of this arbitrary parameter, which do not change for an infinitely small 
alteration in the ratio on which they depend, are determined by the following equations: 


o= (Fa ве) (7 5) + sg ыза) (9) 


; ; (W) 
= (szp маа) (0-5) + (agr р) (88-4) 
TP 
which give, by ox т ST р! NF еи > 
("ser ва) (ap з) = (iei Seba) sie 


The systems that correspond to these extreme values of the arbitrary parameter, we shall call 
the extreme osculating focal systems; and since, by the nature of the functions W, W”, the 
equations (W^) are equivalent to the formule (R’), the foci of these extreme osculating systems 
are contained upon the caustic surfaces: and the ratios of da, 58, dy, in these extreme systems, 
are the same as in the developable pencils. 

12. Let us now consider the law of the variation of the focus of the osculating system, between 
its limiting positions. This law is analytically expressed by the formula (U’); in which we may 
geometrically interpret da, 58, dy, by considering these infinitely small variations of a, 8, y, as 
arising in the passage from the given ray to an infinitely near ray of the system. The plane which 
passes through the given ray, and is parallel to the infinitely near ray, may be called the plane 
of osculation: since, if it be known, we shall know the ratios of da, 88, ду, and can determine, by 
the formula (U^), the position of the focus of the osculating system. To simplify this determina- 


tion, let us put 
X=2,+aR, Y—-y,*BR, Z-ztyR, cz") 


www.rcin.org.pl 


12] Il. FIRST SUPPLEMENT 127 


X, Y, Z, being the coordinates of the focus, and z,, y,, 2,, having the same meanings as in the 
eighth number; the formula (U^) then becomes, by the nature of W', and by the relations (G), 


$ ò до , 
Ry EW = 0,8 T ey 58 +285 (Z') 
&v denoting ^ | 
v v 8v 
aid Tha рагу. 


The second member of this equation (Z^) vanishes when the ray passes through the origin; 
and if we suppose the ray to coincide with the axis of z, we shall have also y = 0, and the 
equation will become 


о (Rint Far) Mt ei (Rss iig 08 (itum) Am 


which expresses the dependence of the parameter R, on the ratio of 68 to da; R being now the 
68 


distance from the origin, upon the ray, to the focus of the osculating system; and the ratio $a 
being the tangent of the angle $, comprised between the plane of zz, and the plane having for 


equation, 


y 908. n 
a= = tan. ф, (В”) 


that is the plane of osculation. This plane becomes a tangent to one of the developable pencils, 
when the distance R attains either of its extreme values, corresponding to the two points where 
the ray touches the caustic surfaces, and determined by the equation, 


Sy SW\/, 8 MW Sy BW i 
(Eza +a) (Eaa + apr) = (Pang * asp)’ 97 
which results by elimination from the two following: 
8y BW y AW 
ia the) (Essa + Sasa) 0^ $, 
8» BW w ү 
да88 Y Saba) » (2 5p? K 55) on 
Let R,, Rz, be the two values of R, determined by the formula (C"), and $4, фз, the two 
corresponding values of the angle ф, which may be deduced from the following equation: 


zh Ў (D") 
us (n 


Sy Ф? ey ow 8*y ee ew oW į 
(Бә +3759 б, $) onse ee ‘0 Ф)- рат 58 +500 $) (ea + sa 5p an $); al) 
then the general relation (A") between R and ¢, may be put under the following form: 
R- R-Rı_ sin. (ф— hı) а p” 
ER Uc 9) - 


£ being a coefficient which is independent of R and ф, and is positive or negative according as 
the quantity 

òw 8% 6% ү 

бо? 58? s (ева 
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is positive or negative. This latter quantity is the same with that which we have before denoted 

by v”, because the remaining parts of the general expression for v”, namely 

p Ow Ov 20 \? д?о 0w òw ү2 8% ôw oy ү 
"ese (баа) "iia (8885) + asa- (5750): 


У дуда 


vanish when a = 0, 3 = 0. If therefore v” be positive, and if we denote by Аз the greater of the 
two values Rı, Re, that is the one nearer to positive infinity, we shall have by (F’’), for all other 
values of R, 

R>R, Е< В, (v’>0); (G^) 
so that in this case the foci of the osculating systems are all ranged upon that finite portion of 
the ray which lies between the caustic surfaces. If, on the contrary, v" is negative, then the two 
differences А — Г, and R — В» are both positive or both negative, so that 

Li x >0, (v'«0); (H") 
in this case, therefore, the foci of the osculating systems are all contained upon the remainder of | 
the ray, that is upon the two indefinite portions which lie outside the former interval. And in 
each case, the distances of the focus of any osculating system from the two points in which the 
ray touches the two caustic surfaces, are proportional to the squares of the sines of the angles 
[(multiplied by certain constant factors, Ё, 1, as expressed by (F'^))]* which the plane of osculation 
makes with the two tangent planes to the developable pencils. In the foregoing investigations we 
have supposed that W, and its analogous function W', which we consider for symmetry as homo- 
geneous, are put under the form of functions of the dimension zero; a supposition which permits 
us to adopt the expressions (K) for the partial differentials 

OW) OR wer’ 

ba’ 8" By’ 
instead of the less simple and more general expressions given in the fourth number: but if we 
had assigned any other value to the dimension 7, in those more general expressions, we should 
have deduced the same results respecting the law of osculation. 

13. The function v”, the sign of which distinguishes between the two preceding cases of 
osculation, has this remarkable property, that it is independent of the direction of the coordinate 
axes; in such a manner that if a, 8, y, be, as before, the cosines of the angles which the ray 
makes with three given rectangular axes, and if we denote by 0, 8’, у’, the new values which these 
cosines acquire when we refer the ray to three new rectangular axes, we shall have 

dy Sv Oy \? dv dv 20 \2 òw 8% dy ү? 
sag (sada) + ae by - (8887) * Бека” (by) 
_ &y &y О саа Sy \? Sv Фо jut I" 
= $a Bg (к? s) + 58% буз _ (se y ) + Sya Sa? (827 =) i n 
v being, in the first member, a homogeneous function of с, 8, y, and, in the second member of 
a’, В’, у’, of the first dimension. To demonstrate this theorem, let us observe that by the known 
formule for the transformation of coordinates, we may put 
«=@А +8'В +y0, o'-aA-cBA' c yA", 
p zo! A' + BB + y'C, pg =aB + BB’ +B", (K") 
y =q'A” + 8' B" + y' C", y =40 +80” + y0”; 
* [Hamilton noted the omission of these factors in his enunciation ; cf. Third Supplement, Art. 24, p. 275.] 
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A, B, C, A’, B', C', А", B", C", being constant quantities of which only three are arbitrary, and 
which satisfy the following conditions: 

AU VD X0 2p AP УУ. С AU шү, 

A", +B* BO ml B*'* .B* +B" =I, 

An +B” On, 51 «09. „ОЗ 4 0". =1, (1, 

AA’: + ВВ +00 =0, АВ + A'B' + А" В" = 0, 

A'A" + B'B" --C'C" = 0, BC + B'C' + B"C" = 0, 
A"A + В"В -C"C 20, СА + С'А' + C" A" = 0, 


This being laid down, we have, by (К”), and by the nature of partial differentials, 
8v E 8v x 


Sa йыйын mBt4 е 

row CP sat BMS, 

55 = oe EHO" В+ С" p ы 

and, continuing the differentiations, 
= = A? a А? " A”? a +2AA’ Rad dat 4 24' A" ae, +2A"A Educ 
sm = BS pt ix 4 pa =E + 2BB’ sag + 2B'B" 585; + 2B"B ia 
BA- сз g m + С"? i +200" ag +200" iE; 4 20"0 к | 
sas ae (hys +В ug = E] +A! (Ва + В' sat D" sas.) 
+A" (В $5; +В ioe jo, CP $3). 


52% s к ЖИ. ДАМ РА ЛИР а de 
seer P (Sst sg * 0 5 бб) B (Ciro * 0; sat? 885) 
"Hp , oy „ 8% 

+В (б, +0! sgg, +0 i» 


5% Deoa fe т fv VIRI ый 

55 O (48a atA 5B 4 505 5) to" (4 55584 5+ 4 inn] 
' " òv ГА 6% „8% 

| +0" (4 Sa8y * 4 5054 JE 


and substituting these values for 
» Su EE EN 
ôa? 582° у?’ 8a 58" 88у’ уда’ 
НМР 17 
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in the second member of (I^), and reducing by the relations (K"), (L’’), and (G),* we obtain the 
function in the first member. This function v”, which composes the first member of (I"), may 
therefore be obtained by assigning to the axes of coordinates, any arbitrary but rectangular 
directions, which may most facilitate the calculation. For example, when we are considering an 
extraordinary system of rays in a one-axed crystal, we may take the axis of the crystal for the 
axis of z, and then the function v will take the form 


v =N my + n? (02 + B9), (M") 
the quantities m, n, being independent of о, 8, y; and we find by differentiation, 
| e 2 OO MM bu 
v ў =n, ET. д, "тө 
v9 w v9 8% v3 Sy 
тул MMB, Seam шш, а дета ву р (М) 


values which may be verified by the relations (G), and which give 
n T) (02 + В + у?) _ mnt А " 

we may therefore conclude that whatever be the directions of the rectangular axes of coordinates 
in an extraordinary system of this kind, the function v" is essentially positive, and is equal to 
the square of the constant m, multiplied by the fourth power of the constant n, and divided by 
the fourth power of v; v being the velocity of the extraordinary rays of some given colour, esti- 
mated on the hypothesis of molecular emission, and the constants m, n, being the values which 
v assumes when the ray becomes respectively parallel and perpendicular to the optical axis of the 
crystal. Hence it follows, that in extraordinary systems of this kind, the foci of the osculating 
systems, considered in the preceding number, are all comprised between the two points in which 
the given ray touches the two caustic surfaces. It is evident that this result extends to the case 
of ordinary systems of rays, to which the expressions (M’’), (N”’), for v, and for its partial differ- 
entials, may be adapted by making n = m, a change which gives, by (O’’), v” = т?, 


Principal Foci and Principal Rays. 


14. Another important property of the function v", is that when, by the nature of the light 
and of the medium, this function is essentially greater than zero, (which we have seen to be the 
case for all ordinary systems of rays, and for the extraordinary systems produced by one-axed 
crystals,) the intersection of the two caustic surfaces reduces itself in general to a finite number 
of isolated points. To prove this theorem, let us resume the formule of the twelfth number, 
and let us suppose that the ray which coincides with the axis of z, passes through a point of 
intersection of the caustic surfaces, so that the two roots of the quadratic (C”) are equal; then 
the two values of tan. $, deduced from the quadratic (E’’), will be equal also; and if we put this 
quadratic under the form 
Е (tan. p} — E' tan. p + E" =0, (P^) 

* [The left-hand side of (I") is an invariant for any function v (a, 8, y) ; it is not necessary to use the equations 
of homogeneity (G).] 
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in which 


E" = ра asp SadB MW 
we must have 
E" — AEE" =0. (Q^) 
Now the coefficients E, E', E", are connected by the following relation: 
у А 6% " òw _ Р „ 
Ext] saat? spa 0: (R”) 


and it results from this relation, that if 
2 2 2 
dy 6% ( 6% ) >0, 


8093893? ^ Mea dB 
the condition (Q") cannot be satisfied without supposing separately * 
E-0, Е'=0, Е" =0. (S’’) 


We may therefore put 

BY v PW by MW M 

Sa Sea” Fade " 5а58° op! "sg" 
ш being a quantity which can be determined by substituting these values in the quadratic (O^) ; 
for this substitution gives, 

v" (E +p) = 0, ш= – Е, 

R being the common value of the two equal roots. Hence it follows, that when R is made equal 
to this value in the equation (A") for the focus of an osculating system, that is, when we place 
this focus at the intersection of the caustic surfaces, the coefficients of 6a?, 220068, 58%, namely, 


Sy 221 5% — BW Sy BW 
sat Sar’? Paast susp) ESRT age 


become separately = 0; and it is easy to prove that in like manner t the coefficients of 
Ga; M а В В № 
Late we AM 6g ё 
(80—22), (2-25) (28 èy), (88-5 èv), 


must separately vanish, in the more general equation (V’) of the eleventh number; we have 
therefore generally, for the intersection of the caustic surfaces, when the function v" is essentially 
>0,t the following equations: 


R 


* [Substituting from (R”) for F’ in (Q^) we obtain 
Hy a OWN , [820 8% 820 
(Ева ap) +422" (sarap - (ыга) ) 9% 

(S") follows, since, by (Q^, EE" > 0.] 

+ [See Appendix, Note 12, р. 481.] 

і [If we draw the wave surface with the origin as centre, and having the equation "= 1/0 (а, 8, y), or 
v (2, y, 2) =1, the condition v” > 0 for a direction a, B, y implies that this surface has positive Gaussian curvature 
at the point where it is intersected by a radius vector drawn from the origin in that direction.] 
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SW’ ew SW W Sw W 
“ba? бой! BabB 8abB’ 58 88° T) 
oy W ew sw SW SW 
бабу бабу SBdy 88у ду ү?” 


of which the three latter result from the three former. These six equations, which are all 
expressed by the one formula (U’) or (Z’), provided that we consider бе, 58, dy, as independent, 
will give in general a finite number of real or imaginary values for a, 8, y, R, and thus will 
determine a finite number of isolated points, as the intersection of the caustic surfaces. We shall 
call these points the Principal Foci; and the rays to which they belong, we shall call the Principal 
Rays of the system. In general, whether v" be greater or less than zero, we may employ the 
equations (T’’) to determine a finite number of isolated points and rays, to which we shall give 
the same denominations. It results from the equations by which these points and rays are deter- 
mined, that if the focus of an osculating system be placed at a principal focus of a given system, 
the osculation of the second order will be most complete, since it will be independent of the 
direction of the plane of osculation (В”); the three first terms of the two developments in the 
eleventh number, namely, 

OW +6 +20920, 

W' +W +4 20", 


becoming equal, independently of the ratios of da, 88, dy. The principal foci of an optical system 
possess many other remarkable properties, some of which we shall indicate in the course of the 
present supplement. 


On Osculating Spheroids and Surfaces of Constant Action.* 


15. To develope one of the properties of the principal foci and principal rays of an optical 
system, we must introduce the consideration of osculating spheroids, and surfaces of constant 
action. The characteristic function V, the mode of dependence of which upon the coordinates 
2, у, 2, distinguishes any one system of rays from any other, having the same kind of light and 
contained in the same medium, is equal, as we have seen, to the definite integral fvds, that is to 
the action of the light, taken from the luminous origin of the system to the point a, y, z; the 
word action being used in the same sense as in that known law, which is called the law of least 
action. We may therefore give the name of surfaces of constant action, to that series of surfaces 
for each of which the characteristic function V is equal to some constant quantity, and which 


have for their differential equation, 


8V=0= 2" 20+ 5987-5082. (U") 


In like manner, if we denote by V' the analogous characteristic function of one of those 
focal systems considered in the eleventh number, which have their light of the same kind and 
in the same medium, but converging towards or diverging from one focus; the general ex- 
pression of this function V" will be V’ = vp + const., p being the distance from the focus; and 
the differential equation 

5.vp=0=6)’, (V5) 


* [See Appendix, Note 11, p. 478.] 
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will represent a series of surfaces, which are analogous to the surfaces (U"). In the case of 
ordinary light, these surfaces (V) are spheres, and they may be called in general, spheroids* 
of constant action; the focus of the focal system being called the centre of the spheroid. The 
general equation of such a spheroid contains four arbitrary constants, of which three are the 
coordinates of the centre; and if we determine these four constants, by the condition that for 
some given values of z, y, z, that is for some given point of a given system, certain first terms 
of the development 

V’=8V'+48V' + &e. 
may be equal to the corresponding terms of the development 

V -- 5V 4487 + &o., 


the spheroid thus determined will be an osculating spheroid, to the surface of constant action 
which passes through the given point of the system. The conditions 
V'zV, 6V'z$8V, (Ж) 

may be satisfied independently of the ratios of ба, dy, 22, by taking the centre of the spheroid 
any where upon the given ray, that is, by establishing between the three coordinates of this 
centre the two equations of the ray, and by assigning a proper value to the other arbitrary 
constant; there still remains therefore, after satisfying the conditions (W”), an arbitrary para- 
meter depending on the position of the centre, which we may determine by the equation, 


èV’ = 227, (X^) 


assigning any arbitrary ratios to the three variations д2, dy, dz, or rather any value to the 


one ratio 
уба —a82. 


убу — Вдг’ 
because, by the relations (H), 


BY = E (80-6 Bs) +9 усу, (де — = 53е) (by -£ зе) + +» (59-282) , 


so that the condition (X’’) may be thus written: 


o- (8E. 97 (ss tJ eo (EP - T) (ne л, -2 0) 


OB (Bay on 


or, by a further transformation, 
0= (paa вә) (8-7 e) 2C. Ке 29 (8-225) (0-7) 
nho 0 5) 


a- Bp (8-2 sz. (Z^) 


p being here the distance of the point z, y, z, upon the ray, beyond the centre of the spheroid. This 
equation (Z’’) contains the law of osculation of the spheroid, since it expresses the dependence of 
the distance p on the direction of the plane passing through the ray and through the consecutive 


* [They are not, of course, in general quadrics.] 
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point æ + ба, y+ dy, 2 + 6z. We shall call this plane the plane of osculation of the spheroid; and 
we see, by comparing (Z’’) with (C^), that the extreme values of p correspond to those directions 
of the plane of osculation in which it touches the developable pencils; while the corresponding 
extreme positions of the centre of the osculating spheroid, are contained upon the caustic surfaces. 
And when the ray is one of those principal rays determined in the preceding number, it is easy 
to prove that the equation (Z") is satisfied independently of the ratios of the differentials, if we 
assign to p the value which belongs to the principal focus; the principal foci are therefore the 
centres of spheroids, which have complete contact of the second order with the surfaces of constant 
action. The equations which express this property of the principal foci are 
19 (PV ub sur OO Ry. OV. ME 


р &à бй, рба$8 Baby p Bye 


"t 
D 3» BY 1» EV 18 ÈV a 
р даду 802° pdBdy yz? põ 822’ 
of which any three include the rest; they may also be thus written, 
PAS sO Valk, Seed г АЙТ ШМ 
Ба ba AC Кд АИ! i 
(B'") 


La Aiii i di dis at fagi ti ае Бе 

88у даду буба dydz’ zs ӧ2ӧш’ 
and may be summed up in the one equation (X"^), by considering Sa, dy, 82, as independent. With 
respect to those rays which are not the principal rays of the system, and for which the equation 
(X") can only be satisfied by assigning some particular value to the ratio 


óc —adz 

ydy— 88? 
that is, some particular position to the plane of osculation of the spheroid, we find, by reasonings 
similar to those of the twelfth number, the following law of osculation: 


оф А, 

pı ft p sin. (y = y) 2 r 
1 ДЙ d x (ә — v) i y 
P AUPS 


Pı» pz, being the extreme values of р; «r1, We, the corresponding values of the angle 4, comprised 
between the plane of osculation and any fixed plane that passes through the ray; and the 
coefficient ¢ being independent of p and w, and having the same meaning as before. The formula 
(C^) may be written in the following manner: 


ниў: PR ёр1 m (y FE E (р) 
.Pa—p pa \sin. (үә — y^) 

in this kind of osculation, therefore, as in the former, the distances of the variable focus or centre 
from the points where the ray touches the two caustic surfaces, are proportional to the squares 
of the sines of the angles [(multiplied respectively by {1, p2)]* which the plane of osculation makes 


with the tangent planes to the developable pencils. 
* [See footnote to p. 128.] 
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On Osculating Focal Reflectors or Refractors. 


16. Besides the two preceding kinds of osculation, it is interesting to consider a third kind, 
which exists between the last reflecting or refracting surface, and certain other surfaces, which 
would have reflected or refracted to or from one focus the rays of the last incident system, and 
which we shall therefore call focal reflectors or refractors. Let Vi, Va, denote, as in the sixth 
number, any two successive forms of the characteristic function V, of which we shall suppose 
that V2 belongs to the system in its given state, and V to the same system before its last reflexion 
or refraction; then, by the number cited, the equation V; — V3 = 0, will be a form for the equation 
of the reflector or refractor, at which the state of the system was last changed, and which we 
shall consider as known. Let Vo’ be the form which V; would have, if the rays of the final system 
all converged to or diverged from one focus, this form being such as was assigned in the fifteenth 
number, and depending only on the nature of the light and of the final medium, but involving 
four arbitrary constants, of which three are the coordinates of the focus; then it is easy to prove 
that the equation with four arbitrary constants, of the focal surface, which would have reflected 
or refracted to or from one focus the rays of the last incident system, is 

Vi v LA = 0. (Е””) 

We may determine the four arbitrary constants of У in this equation, by the condition that 
the focal reflector or refractor shall touch the given reflector or refractor at a given point, and 
osculate in a given direction. The condition of contact, of the first order, is expressed by the 
equations 

Vs = Vy, ô ү, = ò Vy, (К) 
and may be satisfied by establishing between the three coordinates of the focus the two equations 
of the ray, and by assigning a proper value to the remaining arbitrary constant; and the position 
of the focus upon the given ray, may be determined by the condition of osculation in the given 
direction, which is expressed by the equation 

@ V2 = &V,’, (G^) 

assigning the given ratios to the variations dx, dy, д2. This equation (G^) being the same with 
that marked (X'^) in the foregoing number, we can deduce from it the same consequences; the 
osculation therefore between the focal surface (E'") and the given reflector or refractor, follows 
the same law as the osculation between the spheroid of constant action (V"^) and the given surface 
(U"^) for which the function V is constant; in such a manner that the focus of the focal reflector 
or refractor coincides with the centre of the spheroid, if the point of contact, and the plane of 
osculation be the same. The distances therefore of the focus of the focal reflector or refractor 
from the points in which the ray touches the two caustic surfaces, are proportional to the squares 
of the sines of the angles [(multiplied by certain constant factors, as in (D"^))]* which the plane of 
osculation makes with the tangent planes to the two developable pencils. And when the ray is 
one of those principal rays, assigned in the fourteenth number, (the focus of the focal surface 
being at the principal focus corresponding,) then the contact of the second order is most complete, 
and the two reflectors or refractors osculate to each other in all directions. 


On Foci by Projection, and Virtual Foci. 


17. Another kind of focus, of which the law is similar, though not the same, may be deduced 
in the following manner. If we conceive a plane passing through a given ray of a given optical 
| * [See footnote to р. 128.] 
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system, and through a point infinitely near to this given ray ; the ray which passes through the 
near point may be projected on the plane, and the intersection of its projection with the given 
ray may be called a focus by projection. Suppose, to simplify the first calculations, that the 
given ray is the axis of z, and that the infinitely near point is contained in the plane of zy; its 
coordinates in this plane being denoted by д2, dy, and the cosines of the angles which the near 
ray makes with the axes of æ and y, being da, 88: then, if we denote the general coordinates 
of this near ray by 2,, y,,, 2,,, its equations may be thus written, 


a, = 0m + 2,00, Yy = dy + 2,08, (H'^) 
and the connexions between д2, dy, da, 58, will be expressed by the two following conditions: 
ey ey ^v dv 
gar tk y xa © + Saag OP sai 
bot EK ду = р да+ pa 08, 


Sxdy 8y 27 7 Sash 
which are obtained by differentiating (C) and making 82 —0, ду= 0. The equation of the plane 
on which the near ray (H'") is to be роеви; may be put under the form 


Yn _ òy | mw 
a, баш, bn 
and if p be the vertical ordinate of the focus by projection, the equation of the projecting plane is 
7 бу — 2, 68 _ oy tp. 68 (1/”) 


2, ^p Pe a da+p.da’ 
p being determined by the condition that the two planes (К””), (L'") shall be perpendicular to 
each other, which gives 


p — б#+8% oC 

In general, whatever arbitrary position we assign to the rectangular axes, if we represent by 
& 4- ap, у + Bp, 2+ yp, the coordinates of the focus by projection, those of the given point being 
x, у, z, and those of the near point æ + da, у + dy, z + 22, we shall find, by a similar process, 

_1 $a04.588y--5y857 _ dada + dBSy + dydz (N’”) 
р 2°+8у?+ 22 ^ ба? + dy? + 82 — (аба + 88y + que) Я 

dx’, 8), 62’, having the same meanings as in the fifth number.* And since the equations (C) 
give, by differentiation and elimination, 


а (22 Sy ЕА Ce 3, 8 387, 8% JAF 
2.) 


1 " 028a + 6y88 (M) 


TN + бу бї ° Sa баб бу i ү 
y Sy Sv 020 dV v „И , &y SE a 
um (82+ jg * 53)? 1 (scs up eft edm + 5558 Be 
ng (9v, By | 89. 8V Oy «ФИ. 8v .8V | 8v Ө 
í y= (sat зава) us ur ОТЫ by + M Pu) 
* [We have ра= 2+ (а+ да) +р (882 —,8y), etc., A, p being undetermined. Multiplying by dz, dy, д2 and 
summing, and multiplying by a, 8, y and summing, we obtain 
pXaór-—Z04?--AZ0x(a-F0a) p-Zaóz-4-, 
from which (N"^ follows by elimination of А.] 


(0777 
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and therefore 6 sige Т, 
y" 92р sy , Ov , ov 46V , . 0v 06V 
(Sax + 888y + 8482) = (s ur +29) ay (85 ЕА x 
we find, finally, (Е) 


j / j eV ves ôV ~ dv Фидо (8v, 8v N ш, )5 
"бәз +8уз+ 829) = 855 sto ay аЛ Be By (staat 55)? Y: (Q) 
v" being the same function as before. It results from this equation (Q^) or from (М””) and (Т””) 
that when the given ray is taken for the axis of z we shall have 
v"! Sy SV 920 д?р s. 918. У CY es 
7 7 (баба 55у ~ 5B* а) (0 D (даза Baby ~ Bat Бу) іП) 
&y py, ey. &V /5?p | 0? jii 
algat XI Бобу (Sas +), v» е йе 
if we put ду = ôs tan. П, so that II denotes the angle which the plane of projection makes with 
the plane of wz. Differentiating (В””) for II only, we find that the values of this angle which 
correspond to the extreme positions of the focus by projection are determined by the condition 
быы bair у uo (AN BT) ЖҮ Qe Pay 
5ай 5у 56 ба?) 97.77 дав (ба? Sy?) бабу (ва 52") 
the planes of extreme projection, that is, the planes which correspond to the extreme values of p, 
are therefore perpendicular to each other; and if we suppose them taken for the planes of zz, yz, 
and denote by pı, рг, the corresponding values of p, we shall have 


(S"^) 


By (BY дру RV үй» 82 

= 3000 (Bat + Bye) - ioi (Sat * Ba) Ep 
i Py р 8% 087 sU By BY зу er) 
pi 558 Sa8y Sp Sat’ pa” asp Baby SA Bye’ 


and finally the ARA of p upon II, that is, the law of the focus by projection will be expressed 
by the following formula : 

1 

= & bun. sin, II UT 

Five ) ra y. (U^) 

When the given ray is one of those principal rays determined in the foregoing numbers, the 

angle II disappears from this formula, and all the foci by projection coincide in the principal 
focus, the condition (S"^) being at the same time identically satisfied, and failing to determine 
the planes of extreme projection: but in general these planes can be determined by that 
condition, and have a remarkable connexion with the tangent planes to the developable pencils, 
which can be deduced from the equation (L^) of the ninth number, 


уде BY 9,50 aT 
"Ra d m s: 


For, when we suppose 02 — 0, dy = dz tan. П, we find from this equation (L/) the following 
quadratic equation to determine the two values of tan, II corresponding to the tangent planes 
of the two developable pencils : 


920 УЫ 8?o &V (з ôv &V Sy &V 02007 820 8V 


+ (<= -gg а) tan. П: 


0= оа Sedy — 550 daa (Sap DA ~ $0565) (tan. Пу + (заз 5p SB 


до? лду дад да? 


НМР 18 
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and if the first condition (T^) be satisfied, that is, if the planes of extreme projection be taken 
for the planes of 22, yz, the product of the two values of tan. II determined by this quadratic will 
be unity; the tangent planes to the developable pencils are therefore symmetrically situated 
with respect to the planes of extreme projection, the bisectors of the angles formed by the one 
pair of planes bisecting also the angles of the other pair. The tangent planes to the developable 
pencils are not always perpendicular to each other, and therefore are not always fit to be taken 
for rectangular coordinate planes, however remarkable they may be in other respects; but the 
planes of extreme projection, determined in the present number, possess this important property, 
and may be considered as furnishing for any given straight ray of an optical system, ordinary or 
extraordinary, (except the principal rays,) two natural coordinate planes, which contain the given 
ray, and are perpendicular to each other. And whenever the developable pencils are also 
perpendicular to each other, the tangent planes to these pencils will coincide with the planes of 
extreme projection, and the extreme foci by projection will be contained upon the caustic surfaces. 
This perpendicularity of the developable pencils requires that there should exist a series of 
surfaces perpendicular to the rays of the system, and having for their differential equation 


az + Ву + удг= 0; (w^ 


and reciprocally when this equation is integrable, the perpendicularity here spoken of, exists, and 
we shall say that the system is rectangular. This condition is satisfied in the case of ordinary 
systems, because, for such systems, the differential equation (U’’) of the surfaces of constant 
action becomes 
8 V = m (aba + В8у + удг) = 0, 

and consequently coincides with the equation (W’”), m having the same meaning as in the 
thirteenth number ; the rays of an ordinary system are therefore perpendicular to the surfaces 
for which the function V is constant, and their planes of extreme projection are touched by the 
developable pencils. We may also remark that for such systems ¢= 1, and the osculating foci 
coincide with the foci by projection. 


18. There is yet another kind of foci which we shall call Virtwal Foci,* and which it may be 
interesting to consider, because they conduct to the same pair of natural coordinate planes as 
those which we have deduced in the foregoing number, and because they furnish new applications 
of the characteristic functions of the system. Ву a v/rtual focus of a given гау, we shall understand 
a point in which it is nearest to an infinitely near ray of the system. To explain this more fully, 
let us observe, that if we establish any arbitrary relation between a, 8, y, distinct from the 
relation à? + 8? + у? = 1, we shall obtain some corresponding relation between 


ФИ 256) лл BF. 
ED , бу ? $2 , 
by eliminating a, 8, y, between the equations (С); the result of this elimination, which we may 
represent by 
(ФУ, SY, 88) _, 
ӧл’ Sy’ бе : 
F denoting an arbitrary function, will be the equation of a pencil, that is of a surface of right 
lines, composed by rays of the system : and unless this surface be one of the developable pencils 
determined in the ninth number, the rays of which it is composed will not intersect consecutively, 
* [See also p. 33.] 
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so that there will be only a virtual intersection, or nearest approach, even between two infinitely 
near rays. To find the coordinates of this virtual intersection, we are to seek the minimum of 
Sa? + dy? + 822, or of da’? + dy’? + 62/?, corresponding to given values of a, В, y, ёа, 58, dy. Now if 
we put т — az + Ву + yz, we shall have 


g= 2, + ar, у = 7, + Br, 2 = 2, + yr, | (Х””) 
da=8a,+8.ar, ду = 8у,+98. Вт, 8¢=82,+8.y7r, 


and therefore 
ba’ = тда + ба, == (adz, + Вду, + yòz,), 
бу' = т88 + dy, — B (ада, + 88y, + ту 8г,), (Ү””) 
02 =тду + 02, — y (ada, + 88у, + y82,), 


2, Y,, Z and da’, dy’, dz’, having the same meanings as before; and the condition of minimum 
gives 

_ _ dada, + 88у, + dy dz, 2 

И бо? + 8° -óy?  "' 


which may also be thus written 
0 = dada’ + 2880 + дудг = дада + 688y + dy dz: (А?) 
ог, by the foregoing number, 
v òV 6v ,6V | ,,0v .8V 


БЫЛ ÒV ò? v " " , , 4 
amt 55)?" = Pi E (MEET. (В 

Another transformation of this condition, which shall involve the function W instead of У, 
may be obtained in the following manner. Let W, be the form which the characteristic function W 
would have, for a system of rays of the same light and in the same medium, but all converging 
towards or diverging from the one point z,, y,, z,; so that, by the theory already given, 


8 W, 6% 8?y 6?y 
5а 9 7 +98 ар METTE 
èW, dy д2 д2 
Mr w 2,8 sap ty? 58° +4,8 dBdy › (C4) 
ôW, 92у &y 9v 
Se 955 УЫ, t9 ka: 
then, by differentiating the eee (G^), and E» to the formule (Y^), we find 
5° W-W, 
gH) за xa (v – тда) + pene do (8y' — r8) + pas S (òz' —rdy), 
5807 – W,) 
бау rm ur 58 EOM o га) È а (97 -r88) + x55- s (22 — r&y), (D4) 
êT- TE. 
а: йлн кз (д2 – тда) +- 53, ny SN r88)+ > He (22 — r8), 
0 =a (82 — ràa) + B (8y' — r8B) + y (87 – ry); 
18-2 
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and therefore 3 res 
v" (64 — тда) = (55 2 tgg + 22) Зан, 


да 
dy 58 (W — Won ê- О) фе, 5207 T. 
- ls да 558° 68 aby oy 
" Sy oy &(W- W, 
'@у-'8)=(уа+ imt 0) a 
4 
ÈW- W) | 9v 8(0F- W), д èW- тә (E9) 
- (55 да 6g? 68 585у° бу à 
А" y N .d(W — W, 
v" (02 — róy) = (51+ bet op) ar By ) 
e(W- i INE a v è(W- W,) Ors 5(W— "|, 
-y да 88у 68 + раё ду 
Ву these equations the condition (А?) may be transformed into the following: 
v" r (8a? + 88° + By) + (52 stmt i) eq-w, 
—_89°$ (7 – №) 59% 00 Wi; w), 59% 5(W—W,) (F4) 
dieser "aget rub coche io pt 


To find the geometrical law expressed by this last formula, let us take the given ray for the axis 
of z, and let us choose the planes of zz, yz, in such a manner that the bisectors of their angles 
shall bisect also the angles formed by the developable pencils; we shall then have, by the 
fourteenth number, # = E”, that is, 


Sy (W. Wy &W уо 020 
saa (ва + se) ~ Saba (аа +389). (29 
and the formula (F^) will become 
2, (9v BW dax) Sa? 4 о FW SÀWN. 58°. не 
Рет (за $88 58° бе? / da? + 52 (5а $a88 ба? p Беста ( 
or finally * 
r= ri(cos. o)? + rs (sin. о)?, (15 


when we put 
ito y) OW dy sW "y Sy SW dv ow E 1 d 
1= 5058 5658 56? bat’? " 8 BaBBBabB be 581° Ле ео: (С) 
о being the angle which the plane passing through the given ray and parallel to the near ray 
makes with the plane of zz; and n, ra being the extreme values ofr. 
The equation (I^) expresses in a simple manner the law of the virtual focus. It shews that 
the extreme positions of that focus correspond to the same pair of natural coordinate planes, 


* [“Hamilton’s equation" ; cf. p. 33, where the result is established for a normal congruence.] 

t [These planes are now generally known as “ principal planes,” and the extreme positions of the virtual foci 
as “limit points”; cf. Salmon, Analytic Geometry of Three Dimensions, vol. 2 (1915), p. 60, where, however, 
Hamilton’s definition of virtual focus is stated incorrectly. The geometrical results of 17., 18. may be deduced 
directly from (I^^), the coefficients being replaced by arbitrary constants, and are thus made applicable to a general 
rectilinear congruence without reference to its optical origin.] 
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passing through the given ray, which we considered in the preceding number, and which we may 
therefore call the planes of extreme virtual foci, as well as the planes of extreme projection, 
Indeed, when the given ray is one of the principal rays of the system, assigned in the fourteenth 
number, then all the virtual foci, as well as all the other foci hitherto considered, coincide in the 
principal focus: and the planes of extreme virtual foci become, in this case, indeterminate. How- 
ever, we shall shew that their place is then supplied by another remarkable pair of planes, which 
pass through the principal ray, and complete the system of natural coordinates: but for this 
purpose it is necessary to enter briefly on the theory of aberration from a principal focus, which 
we shall do in the following number. 


Aberrations from a Principal Focus. 


19. If we conceive a plane cutting a given ray perpendicularly at a given point, this plane 
will be nearly perpendicular to the near rays, and will cut those rays in points near to the given 
point: the distances of these near points from the given point, are the lateral aberrations of the 
near rays, and the cutting plane may be called the plane of aberration. Let а, у, 2, be the co- 
ordinates of the given point, and 2 + Av, y+ Ду, 2+ Д2, the coordinates of the point in which 
a near ray is cut by the plane of aberration, A being here the mark of a finite difference; we 
shall have the condition 

0 =aAa + ВДу + yAz, (Т^) 


а, B, y, being the cosines of the angles which the given ray makes with the axes of 2, y, 2: and if 
we determine the successive differentials of z, y, 2, with reference to а, B, y, by differentiating 
the equations (C) or (K) as if a, B, y, were three independent variables, and by putting 


O=ads + 88у + yz, 

0 — a8*z + BS y + 8%, 

0 = ад + Bd y + y 82, 
&c. 


(M*) 


we shall have 
Az = [82] + 3 [8%] + 255 [8] + &c., 
Ay  [8y] + $ [8y] + #7 [9*y] - &c., (N*) 
Az = [82] + $ [6*2] + 345 [9°] + &c., 

the expressions [22], [2°], &c., being formed from ôs, д2, &c., by changing the differentials да, 


58, Sy, to the finite differences Aa, AB, Ay: and finally, the lateral aberration of the near ray 
will have for expression 


V (Az) + (Ay) + (Агу. 


Let us apply this general theory to the case when the ray from which the aberrations are 
measured, is a principal ray of the system: and in order to simplify the calculations, let us take 
this ray for the axis of z, and the principal focus for origin. Then, if we neglect the squares and 


produets of Aa, A8, we find by the preceding theory, 
Ах = рДа, Ay-pAB, Az=0, (0% 
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p being the distance from the principal focus to the plane of aberration; if, therefore, we suppose 
this distance p to be unity, and represent by а, b, the corresponding values of Aa, ДВ, we shall have, 
Aga AB=b; (P4) 
and if we take the principal focus for origin, the coordinates of the point in which the near ray 
intersects the plane of aberration will be a,b, 1. If now we conceive another plane of aberration, 
perpendicular to the principal ray and passing through the principal focus, we shall have, for 
this new plane, р = 0, and the expressions (O*) for the components of aberration vanish: in this 
case, therefore, it is necessary to carry the approximation farther, and take account of terms of 
the second dimension, in the variations of a, 8, y. For this purpose we may differentiate twice 
successively the equations (K), as if a, 8, y, were independent, making after the differentiations, 
2, у, 2, 8а, dy, dz, 8*2, each = 0, and changing бе, 88, dy, ôw, dy, to Aa, AB, Ay, 24x, 2Ду. In 
this manner we find 


SW 8% Ov A 
[2°] = bs ^" t 55 АУ А 
4 |» САР = 2%, 822+ ^" 
in which we may put 

pin pied! Fa уа До заны 
$n | б " 86268 + Saspi (R$ 
6 pat. ow д8 үу 

[гё ss]- = 558° +2 x 5g + 58: D, 


changing Aa, A£, to their expressions (Р), and observing that the general relation 
(a+ Aa c (B + АВ? (y + Ду? = + 8+ y = 1, 

gives here 0 = 2Ay + (Aa)? + (AB)? + (Ду), 

so that the terms Aa Ay, AB Ay, Ay’, in the developments of 


ЗЕ 


may be neglected, as being of the third dimension. And if, for further abridgment, we put 2, y, 
instead of Az, Ay, in the equations (Q*) to denote the coordinates of the intersection of the near 
ray with the plane of zy, that is, with the plane of aberration passing through the principal 
focus, and denote the partial differential coefficients 

Dy PW" DE GOV 

бей ' SaB’ Sas 8g" 
by A, B, C, D, we shall have à 

v 


2L +y ggg M (Ath 2Bab + ОР) | = 
"jsp * bá PH = 3 (Bat + 2008 + DW), | 
and by elimination, 
(а а-в) а*+9(В в рев) а ab + (0 Sa- Dy a) 
by- (Bis - Ass) + 2 (0s - -в рев) 9+ + (Dis - еза) ® on 


v" having the same meaning as before. 
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Natural Axes of a System.* 


20. The equations (S*), ог (T5, express the connexion between the coordinates 2, y, of the 
intersection of a near ray with the plane of aberration passing through the principal focus, and 
the coordinates a, b, of the intersection of the same near ray with another plane of aberration, 
parallel to the former, and at a distance from it equal to unity: they serve therefore to resolve 
the questions that have reference to this connexion. The most interesting questions of this 
kind, are those which relate to the comparative condensation of the near rays, in crossing the 
two planes of aberration. Let us therefore consider an infinitely small rectangle да. ôb on the 
plane of a, b, having for the coordinates of its four corners, 


Ist a, b; IInd a+ да, b; Ша a, b+8b; IVth a+ да, b+ 80: 


the rays which pass inside this little rectangle, will, at the plane of wy, be diffused over a little 
parallelogram, of which the coordinates of the corners are 
да ду 


Ist æ, у; IInd z P ba, y + У 8а; ШЧ æ + gr 8b, y + суф; 


да да ду BU а: 
IVth a+ у- ёа + 5. 8b, y+ с ba + к 8b: 
the partial differential coefficients 
bo Be by by 
Sa’ 8b’ da’ 8b’ 
being obtained by differentiating the equations (S*), or (T4). The area of the parallelogram on 
the plane of zy is DIE уе 
p Bate . 
* (5а В) — Вк ba) 8480; 
its ratio to the rectangle 026, is therefore expressed by 
| E AER): 
$a8b 8b Sa)" 
baby даду M" 
õa 8b 8b ba W7” (09 
M" =(Aa+ Bb) (Ca + Db) -- (Ва + СЬ). (V5) 
The smaller the quantity M” is, the more will the rays which pass through the little 
rectangle да, be condensed at the principal focus; so that the curves upon the plane of a, b, 
which have for equation 


and by the equations (Т), or (S$), 


if we put 


М" =const., (W*) 


may be called lines of uniform condensation: and we see, by (V*) that these curves will be 
ellipses or hyperbolas, according as №” is positive or negative, if we put for abridgment, 


4(B* — AO)(0* — BD) - (AD — BO = №". (X5) 


These elliptic or hyperbolic curves are all concentric and similar, and their axes are all contained 
on the same pair of indefinite right lines, which are perpendicular to each other and to the 


* (Cf. p. 85.] 
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given ray; and the planes which pass through the ray, and through these axes of the lines (W*), 
will coineide with the planes of zz, yz, if the following condition be satisfied : 


AD-BC=0, (Y*) 
үз SW SW | (Z9 


that is, 


This condition is independent of the magnitude of the unit of distance, by which we have 
supposed the two planes of aberration to be separated: there are therefore an infinite number 
of systems of ellipses or hyperbolas, similar to the system (W*) and all having their axes 
contained in the same pair of rectangular planes, which pass through the principal ray: and it 
is natural to take these planes for the planes of wz, yz, the plane of zy being still the same plane 
of aberration as before. And thus, the intersections of these three rectangular planes, may be 
considered as furnishing, in general, three natural ases of an optical system, which are perpen- 
dicular each to each, and cross in the principal focus. These natural axes possess many other 
properties, of which we hope to treat hereafter; but in the foregoing remarks we have only 
aimed to shew, by some selected instances, the possibility of deducing the geometrical properties 
of optical systems of rays, from the fundamental formula (A), 


8 [vds - 5° Bo + уа By + у, Bs, 


with the assistance of the characteristic function V, and of the connected function W: and 
believing that this object has been accomplished, we shall conclude the present Supplement. 
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